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NOTATION 

CAPj = capital investment required for ith tower (see 

dj = observed deviation in rank order between the pre- 

Zxj = observed rank order for jth tower 
Zyj = predicted rank order for ith tower 
Nj  = minimum theoretical stages for jth tower calcu- 

OPj = annual operating costs for ith tower (see Tedder, 

P = optimal overhead operating pressure, MN/m2 
R, = spearman rank correlation coefficient 
T = tower feed normal bubble point, OK 

VC = annual venture cost (see Tedder, 1975) 
Vju = minimum vapor requirements for tower as cal- 

culated by the Underwood equation (see Part 111) 
X j  = observed minimum venture cost for jth tower 
Yj = predicted minimum venture cost for ith tower, 

minus the least-squares regression constant for 
models 2, 3, 4, 5, and 6 in Table 1, or divided 
by the multiplication constant for models 1, 7, 8, 
and 10. 

Tedder, 1975) 

dicted rank and the observed rank 

lated from Fenske equation (see Part 111) 

1975) 

6Tj = temperature drop up  the jth tower 
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Part 111. Design Methods and Their Evaluation 
Distillation networks are described as sets of composition nodes which 

are used to estimate material and energy balances. Comparisons with equiv- 
alent, equilibrium stage models indicate that these simplified design methods 
consistently result in small, but acceptable, overdesign, even when applied 
to complex, thermally coupled tower configurations. 

SCOPE 
The incentives for state optimizing various procesqing 

trains increase with rising capital and operating costs. 
When a process design analysis is based on countercurrent 
equilibrium stage models, then each evaluation of the 

- economic objective function requires a prior numerical 
Correspondence concerning this papsr should be addressed to D. Wil- 

liam Tedder, Oak Ridge National Laboratory, P. 0. Box X, Oak Ridge, 
convergence to the underlying energy and material balm 

TN 37830. ances. It is possible to use such a model to perform design 
optimization as has been done by Ricker and Grens (1974), 

ical Engineers, 1978. but this method becomes exceedingly burdensome when 
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the objective is to assess the economics oE many design 
alternatives. Even when the calculations are performed 
on a high-speed computer, it is often not practical to 
evaluate hundreds or thousands of points on the economic 
response surface of many design alternatives, especially 
if each state point evaluation requires a minute or more 
CPU time to converge on the energy and material bal- 
ances for each tower in the design. Realistically, it is 
necessary to evaluate each point on the design economic 
response surface in a one-tenth of a second or less. 

Computational methods for distillation are presented 
which facilitate such rapid economic objective function 
evaluations. They are based on quickly estimating ma- 
terial balances via heuristic species allocation and a novel 
approach whereby a tower is considered to consist of a 
set of nonequilibrium stages or vertexes. At each stage, 
or composition node in the design model, countercurrent 
vapor and liquid streams are defined, each with the same 
composition. Vapor and liquid profiles in the tower are 

then defined in terms of combined overall energy and 
material balances, rather than assuming constant molal 
overflow. Since individual component balances are not 
involved in the intratower calculations, the need for 
referencing adjacent trays, and the numerical complexity 
of tridiagonal matrices, is avoided. 

The topological representation of eight distillation net- 
works, separating ternary mixtures, is presented (see 
Part 1). The composition node design method (CNDM) 
was used to provide the energy and material balance 
information required as input to the detailed economic 
models comparing these distillation alternatives. The va- 
lidity of the CNDM is examined by arbitrarily comparing 
eight distillation towers which had been state optimized 
using the approximate method, with the material and 
energy balances which result by modeling these same 
towers as a set of equilibrium stages. The Thiele-Geddes 
method (see Newman, 1967) was used for these latter 
calculations. 

CONCLUSIONS AND SIGNIFICANCE 
The design methods described are useful tools for 

quickly estimating the energy and material balances asso- 
ciated with simple and complex distillation configurations. 
Comparisons with equivalent equilibrium stage models 
indicate that the approximations used in the design model 
tend to overestimate the utility requiremenls and give 
rather poor estimates of the feed tray composition. These 
design methods should not be wed to infer the technical 
feasibility of a particular operating mode but rather to 
support detailed economic screening models for identify- 
ing attractive design configurations and their approximate 
optimal operating state. The design feasibility can then 

be verified with an equivalent equilibrium stage model 
simulating operation at the optimal state. 

The CNDM normally overdesigns a tower by a small 
and acceptable amount. The overdesign is smaller for 
towers performing sharp cuts than it is for towers pro- 
ducing streams with distributed components. The over- 
design is not proportional to tower size. Assumptions 
regarding contaminant concentrations in the product 
streams do not strongly affect the vapor estimates, but 
they can affect the minimum theoretical stage estimates 
and cause gross overestimation of the required tower 
height. 

Composition node design models (CNDM) are ap- 
proximate methods which estimate the essential dcsign 
parameters needed to economically evaluate a collection 
of processing equipment items. They are useful in de- 
scribing multistage countercurrent separation processes 
with the fewest possible trial and error caIculations. 

This simplified design method is derived from the 
classical Fenske-Underwood method, but it is faster be- 
cause it eliminates mucli of the trial and error calcula- 
tions usually required. In particular, with the classical 
method (see Robinson and Gilliland, 195O), thc com- 
position of product streams for a particular tower (the 
overall material balances) are recomputed for each change 
in the tower operating state which is considered. This 
computation is iterative in the classical mcthod and is 
repeated during the operating state search to minimize 
costs. With the CNDM, the product material balances 
are computed by heuristic species allocation prior to the 
time at which the state optimization is initiated. The 
product con~positions do not change during the optimiza- 
tion, and the trial and error calculations associated with 
the classical method are eliminated entirely. Some trial 
and error calculations are still required, for example, 
when estimating the feed tray composition (see PINCH 
algorithm in the appendis) or for certain product streams 
with distributed componenb (see DISTRIB algorithm in 
the appendix), but these calculations are relatively easy. 
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In addition, trial and error calculations are still required 
to estimate the bubble- and dew-point temperatures 
associated with the various streams. 

However, the composition of streams connecting towers 
are fixed prior to initiating the state optimization. So, 
interactions between towers, due to changes in mate- 
rial rates flowing between them, do not occur with the 
CNDM, whereas they would occur with the classical 
method. In addition, by heuristically assigning material 
balances using species allocation, all design alternatives 
have identical overall matcrial balances. In contrast, evalu- 
ations based on either the classical Fenske-Underwood 
method or equilibrium stage models would give slightly 
different product compositions for each design configura- 
tion considered. However, this problem is avoided by 
using thc CNDhf. 

The sequence of the economic design model computa- 
tions is then as follows. First, the overall material bal- 
ances are defined using a species allocation model (SAM). 
Then, an operating state is specified, and the CNDM 
is used to estimate the resulting energy and material 
balances for the tower under consideration. The tower 
may have any number of feeds and product streams and 
may be thermally coupled to other towers as well, At 
this point, it is then possible to carry out detailed sizing 
calculations to define all necessary equipment dimensions, 
etc., and to estimate the capital investment and annual 
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operating costs associated with each item. [The details 
of the sizing and cost models, which were used to gen- 
erate venture cost information presented in Part I, are 
given elsewhere (Tedder, 1975)l. Based upon the re- 
sulting venture cost, the operating state of the tower is 
adjusted (but usually not the overall material balances), 
and the calculations are repeated, starting with the CNDM 
estimation of the internal molar vapor and overflow 
rates in the tower and the new energy balances. The 
resulting venture cost of the equipment assembly is then 
calculated and the state search terminated when a global 
minimum has been found. 

NETWORK TOPOLOGIES 

The topology of a tower is defined by that minimum 
set of composition vertexes needed to represent the design 
structure. A tower containing k - 1 sections, for example, 
can be described with k vertexes, each vertex being either 
a feed or product tray, where all vertex compositions and 
total pressures must be estimated in order to design the 
tower. 

The aggregate of the individual towers without any 
interconnections between them is called the primitive 
system. A design can generally be defined in terms of 
the primitive system together with the tower intercon- 
nections and the original feed connection. Thus, the to- 
pology of any countercurrent separation network is deter- 
mined by three factors: 

1. The number of towers (or vertical paths) in the 
design. 

2. The number of vertexes or nodes associated with 
each tower (or vertical path) in its primitive system rep- 
resentation. 

3. The manner in which the interconnections (or 
horizontal paths) between the towers are made. 

A network performing N splits can require more or 
less than N - 1 towers. Moreover, when a complex tower 
is permitted, the number of composition vertexes re- 
quired to describe it can also vary, since there is 
a one-to-one correspondence between the vertexes and 
the number and location of product draws and feed trays 
for that tower. This variability gives rise to the need 
to classify each tower according to its structural type. 

In general, structural type i contains i + 1 vertexes 
in its primitive system. It has an incidence matrix Mj, 
such that the top and bottom rows will contain only two 
nonzero elements. All intermediate rows have four non- 
zero elements. The dimensions of Mj are j + 1 by Zi. 
A more detailed 'description is given elsewhere (Tedder, 
1975). 

The composition nodes defined within a network are 
of two types: internal or external. The internal nodes 
are those whose composition must change during the 
state optimization. The overhead and bottom product 
compositions in the upstream tower of design V are of 
this type, since the amount of separation work performed 
by the upstream tower is being optimized upon. Similarly, 
for all designs, the feed tray composition must also vary 
during the state optimization, since it is necessary to 
optimize the feed tray location and the number of stages 
above and below it. 

The external vertexes are those nodes whose compo- 
sition can be fixed by species allocation before the state 
optimization is initiated and which remain fixed throughout 
the optimization, The original feed compositions and 
the final product compositions can all be defined as ex- 
ternal nodes within acyclic distillation trains. Moreover, 
when different designs are compared using this technique, 
they will all produce exactly the same products for a 
given feed. 
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Species Allocation Methods 
The towers in a distillation network are connected by 

a set of intermediate feed and product streams. It is 
the object of the species allocation to specify the rates 
and compositions of these interconnecting links. This 
assignment is performed by synthesizing a species allo- 
cation composition (SAC) array with dimensions 2N - 1 
by N, where N components are separated. Estimates of 
the final product stream compositions are obtained from 
particular rows of the SAC array. This information is 
then used to define the interconnecting links. 

The equations used in species allocation model No. 1 
(SAM 1) to calculate the SAC array are shown in Table 
1. This system of equations is solved iteratively after each 
row in the SAC array has been initially set equal to the 
original feed composition. The model is based upon the 
Fenske equation which is used in the following manner. 
Assume that a countercurrent tray exists whose liquid 
composition is equal to the composition of the external 
feed for ( X ~ J .  i = 1, 2, , , N )  containing N components. 
Now, consider a set of trays located above the reference 
feed tray, row N in the SAC array. Each of these is 
separated by any number of minimum theoretical stages 
as defined by Equation ( B )  in Table 1. 

TABLE 1. EQWATIONS DEFINING SPECIES ALLOCATION 
MODEL No. 1 

i = o  

] < N  { a = 1  
b = KS 

J > N  { a = K S  
b = N  

TABLE 2. SAC ARRAY DERIVED FROM SAM 1 

1 2.12 309.96 0.98988 0.01000 1.19-4 
2 2.12 311.48 0.89891 0.09110 0.01000 
3 0.00 331.65 0.33300 0.33400 0.33300 
4 2.37 365.91 0.01000 0.09920 0.89081 
5 2.62 371.15 8.25-5 0.01000 0.98992 

March, 1978 Page 325 



TABLE 3. SAC ARRAY DERIVED FROM SAM 2 

1.-2 1.-4 1.3 1.4 
1 .-2 1.-4 1.-6 

1.-2 1 .-4 
1.-2 

1 .-2 
1 .-4 1.-2 
1.-6 1 .-4 1.-2 
1.-8 1 .-6 1.-4 172 

TABLE 4. TRANSPOSE OF FINAL PRODUCT COMPOSITION ARRAY 
DERIVED FROM SAM 1 

1 0.98980 0.0100 1.19-4 
2 0.01 000 0.9800 0.01000 
3 8.3-5.0 0.0100 0.98991 

TABLE 5. TRAXSPOSE OF FINAL PRODUCT COhfPOSITION ARRAY 
DERIVED FROM SAM 2 

1 0.989 1.-2 1.-4 1.-6 1.-8 
2 1.-2 0.979 1 .-2 1 .-4 1 . 4  
3 1.-4 1.-2 0.979 1.-2 1.-4 
4 1.-6 1 .-4 1.-2 0.979 1.-2 
5 1.43 1 .-6 1 .-4 1.-2 0.989 

Let each of these trays have a component K S  whose 
composition is specified equal to a purity specification 
for the final pioducts. ( In  this study, the specification 
WRS 0.01.) The defining relationships for the subscript 
KS are given in Table 1. The purity of the products can 
be varied from one final product to thc next. (This 
specification determined the values obtained for the con- 
centrations with asterisks in Table 4 of Part I.) 

The first tray N - 1 above the feed tray N is separated 
from its reference tray N by TTMN-1 minimum theoret- 
ical stages as defined by Equation (B) in Table 1. The 
second such tray is scparated from tray N - 1 by T T M N - 2  
theoretical stages and has tray N - 1 for its reference 
tray. By trial and error, a set of concentrations for all 
trays and a minimum number of theoretical stages sep- 
arating each of these trays can be found which satisfy 
the relationships shown, After convergence, the rows in 
this SAC array are used to synthesize the final product 
composition array. 

An example SAC array produced by this model is 
shown in Table 2. The relative volatilities used in the 
model are considered a function of the bubble-point 
temperature, except for the top row where they are 
treated as a function of the dew point. These tempera- 
tures are usually evaluated at an assumed total pressure 
of 1 atm. They are shown in Table 2 along with the 
minimum theoretical stages. 

The second species allocation model (SAM 2 )  ex- 
amined is more heuristic than the first, having no theo- 
retical basis like the Fenske equation. I t  is used to 
define elements of the SAC array with Equations (1) 
and (2)  as defined below: 

where XS is a purity specification like 0.01. This model 
is simpler than SAM 1 since it requires no trial and error 
calculations. Table 3 shows how these equations are 
applied to give the incomplete SAC array for a five- 
component example. The unspecified composition ele- 
ments in rows 1 and 9 are obtained by difference and 
Equation (A) in Table 1. 

The SAC array generated from either SAM 1 or SAM 2 
is used to synthesize the final product composition array 
XP which has dimensions N by N. The composition of 
the lightest stream is taken directly from row 1, columns 
1 through N ,  of the SAC array. The composition of the 
heaviest product stream is also taken directly from the 
bottom row, columns 1 through N ,  of the SAC array. 
Product streams between the lightest and heaviest have 
two keys and two component purity specifications rather 
than one. For final product streams Pj, J = 2, 3, , , N - 1, 
the components J - 1 and J + 1 are the light and heavy 
keys, respectively. The concentrations of components 1 
through J - 1 in product J are estimated by using the 
composition values in columns 1 through J - 1 of row 
N + J - 1 of the SAC array, The concentrations of 
components J + 1 through N for the same product J 
are estimated from the values in columns J + 1 through 
N of row J of the SAC array, The concentration of the 
Jth component is estimated by Equation ( A )  in Table 1. 

Tables 4 and 5 show the results of synthesizing final 
product composition arrays using the SAC arrays in Tables 
2 and 3, respectively. These product compositions are 
similar to what one would expect to obtain from an 
equilibrium-stage model. But instead of being calculated 
as dependent variables as for that case, the compositions 
are synthesized and used as torn or assumed variables 
in the composition node design model. 
Definition of  the Interconnecting Links 

The original feed and final product streams define the 
overall separation objectives. Intermediate product streams 
are also feed streams connecting subproblems. These 
stream vectors are calculated using the overall steady state 
material balances. Given the original feed rate column 
vector, FX, the molar rate of each component in the origi- 
nal feed, the final product column vector P is estimated 
from the overall steady state material balances using the 
final product composition array synthesized from the SAC 
array: 

Once the overall product rates are calculated for the sep- 
aration system, then the material balance equations are 
used to define a set of N ( N  -- 1) /2  mass rates and feed 
compositions which are used as interconnecting links be- 
tween the towers. The compositions are also used to de- 
fine the external vertexes in the respective towers. Feed 
rates are obtained by summing over the product streams 

- 

P = - XP-lFX (3) 

J 

(4) 
k=I  

where the feed rate Fj (I, J)  yields final products I through 
1. Similarly, the feed concentrations are obtained by the 
component balances 

J 

k =‘I 

where the ith component rate in the jth feed is obtained 
by summing the ith row of XP from columns f to 1. 

Equations (3) through (5) have been used to gen- 
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TABLE 6. INTERCONNECTING MASS RATES AND STREAM 
COMPOSITIONS DERIVED FROM SAM 1 

Product pJ Xp1.J xp2,J xp3,J 

1 233.10 0.9898 0.0100 1.19-4 
2 233.81 0.0100 0.9800 0.0100 
3 233.08 8.25-5 0.0100 0.9899 

Feed FJ XFI,J XFZ,J xp3,J 

1 700.00 0.3330 0.3340 0.3330 
2 466.92 0.4992 0.4957 0.0051 
3 466.90 0.0050 0.4938 0.4992 

erate Table 6 from the final product composition array 
shown in Table 4. Feed 1 in Table 6 is the original feed. 
Feed 2 is producing products 1 and 2, while feed 3 is pro- 
ducing products 2 and 3 .  
Composition Node Definitions for Designs I through Vlll 

The species allocation defines feed and product streams 
connecting the towers. The manner in which this assign- 
ment is made is shown in Figure 1. In this figure are shown 
the graph representations for designs I through VIII (see 
Part I) .  Each node in the graphs is labeled either with a 
P, F, IP, or ID designation. The P and F designations 
correspond to the product and feed labels in Table 6. 
Counting the vertexes in each design from left to right 
and top to bottom, node one in each design is labeled F 1  
which corresponds to the original feed. The labels P1, P2, 
and P 3  appear in each graph and indicate the location at 
which products 1 through 3 are removed from the system. 

In design I11 nodes 4 and 7 are both labeled with F 3 .  
Similarly, in design IV nodes 3 and 6 are both designated 
as F 2 .  The towers in both designs are thermally coupled 
at those locations as indicated by the double arrows con- 
necting the respective vertexes. Node 7 in design I11 is as- 
sumed to have the same composition as node 4. Similarly, 
node 6 is assigned the same composition as 3 in design IV. 
Both of these assignments are based on a nonenrichment 
assumption. Obviously, this assumption isn’t true, as en- 
richment will occur between those locations. The assump- 
tion is acceptable for design purposes, however, as it leads 
to systematic overdesign. $qqJ+ F3  P2 F3 F3 P2 

P3 P3 P3 P3 

I n m n? 

Fig. 1. The composition node definitions for designs I through Vlll 
(see Part I). 

The ZP and ID designations refer to nodes whose com- 
positions are internal and cannot be defined by the SAM 
since they must vary during the state optimization. The 
ZP label refers to feed trays whose composition varies with 
the feed fractional vaporization, an optimization variable. 
The ID designation identifies a composition node which 
varies during the state optimization when the fraction of 
the feed sent overhead is an optimization variable. These 
nodes represent locations in the design where components 
are distributed between the keys. Notice that this designa- 
tion only occurs for the upstream towers of designs V 
and VIII. An explanation of the calculational procedures 
for these two types of internal nodes is left to the appen- 
dixes where the PINCH and DISTRIB algorithms are 
described. 
Composition Node Design Method 

By species allocation, the tower overall material balances 
are heuristically established before the state optimization 
is begun. Because the vertex compositions are torn in a 
realistic manner, the remaining calculations are greatly 
simplified without gross distortion of the design model. 

A tower receiving N F  feeds is defined by R - N F  tower 
vertexes (the primitive system) which are numbered start- 
ing with the overhead vertex N F  + 1. The vertexes 1 
through N F  define feed streams. Among the tower ver- 
texes, R - 2 N F  of them are defined either by the species 
alIocation or the DISTRIB algorithm. The remaining NF 
vertexes represent tower feed trays whose compositions are 
estimated by the PINCH algorithm. 

The pressure profile for the tower is defined by the 
optimization routine which specifies the overhead total 
pressure and the pressure drop per section. At this point 
in the calculations, the bubble- and dew-point tempera- 
tures for all tower vertexes can be estimated since the 
compositions are also known. From them, the vapor en- 
thalpy vector and the liquid enthalpy vector for the tower 
can also be established: 

Hv = Hv ($ Td) 

hL = hL (ZR, Tb) 
( 6 )  

(7) 

- E = H , U h L  ( 8 )  

dim(XR) = ( R  - N F )  X N 

dim(Td) = dim(Tb) = ( R  - N F )  

dim(E) = ( R -  N F )  X 2 

- 

- 
t h e  Underwood Equations 

The overflow and vapor rates within the tower must 
change during the state optimization. The vapor rate at the 
pinch point for the tower is determined from the state vari- 
ables specified by the optimization routine and using the 
Underwood equations. For a tower receiving a vector of 
N F  feeds and specified fractional vaporization, there exists 
a vector of N - I roots, each of which satisfies the scalar 
equation 

Ql(Ak) = FT(f - - x&) = 0 (9) 

6 k T  = [“I/ (a1 - A k ) ,  - * aN/(aN - Lk)] (10) 
k = l , 2 ,  ... N - 1  

dim(F) = N F  = dim(f) 

d i m ( X F )  - = N F  X N 

Each row in XF is the composition of one feed. 

duces to the more familiar form 

- 
For a tower receiving a single feed, Equation (9) re- 
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Qz(k)  = f - XFek = 0 (11) 
where XF is a row vector with dimension N .  

Now, the Underwood Equations (9 )  and (11)  assume 
constant relative volatility. When a tower receives a single 
feed, Equation (11) leads to roots X which are used to 
calculate the minimum vapor rate. Lockhart (1947) and 
Robinson and Gilliland (1950) point out, however, that 
the method tends to be conservative. This observation is 
confirmed here. 

When a tower receives multiple feeds, the constant 
relative volatility assumptions needed in Equation (9) 
become even less valid because the tower contains more 
sections and the temperature drop up the tower is larger. 
This has the effective result of increasing the degree of 
overdesign. An alternative procedure for towers with mul- 
tiple feeds is to apply Equation (11) to each feed tray 
individually to obtain a local root vector A,. The local 
root vector is then used to calculate the minimum vapor 
rates for those tower sections adjacent to the feed. This 
latter method results in less overdesign. 

Consider example B described below. This example is 
for the downstream tower in design V, where a tower 
receives two feeds. The latter method described above was 
used to design this tower. On that basis, a minimum vapor 
rate of 0.091 kg-mole/s was calculated. Equivalent analy- 
sis with an equilibrium-stage model indicates that the 
vapor rates for that tower are about right. The application 
of Equation (9 )  to the same tower gives an estimated 
minimum vapor rate of 0,128 kg-mole/s. Thus, this equa- 
tion, a rigorous application of the Underwood method, 
leads to an estimate of the minimum vapor rate for the 
downstream tower which is about 40% high. 

For this reason, Equation (11) was used exclusively to 
calculate the Underwood minimum vapor rates. The local 
root vectors give better estimates of the true vapor require- 
ments since they allow the relative volatilities to be ad- 
justed to their local values at the feed tray. 

Every tower can be divided into R - NF - 1 sections, 
each of which is defined by two adjacent tower nodes. An 
Underwood minimum vapor rate Vu,.,k can be defined for 
each section and for each of the N - 1 local roots calcu- 
lated at the feed tray adjacent to the tower section or 
closest to it. The downstream tower for design V, for ex- 
ample, is represented by the graph shown in Figure 1. 
This tower contains four sections. Defining the sums, we 
get 

N 

SFj,k = 2' XFi,j~ti/(c~i - xk) (12) 

SPj,k = 2 xPk,jai/(ai - 1,) 

I = 1  

N 

(13) 
I = 1  

where (XFij, i = 1, 2, . . N )  are the feed compositions 
for the jth feed and (XPL,, i = 1, 2, . . N )  are the composi- 
tions on the ith product tray. The root vectors h2 and h4 
are defined for the feeds entering the tower. The subscripts 
are according to the five vertexes in the downstream tower, 
numbered from top to bottom. With these conventions, the 
Underwood minimum vapor rates for the four tower sec- 
tions are defined by the set of equations given below: 

either directly above the first or second feed to the tower. 
If either V'3.k or V'5.k control, then the pinch is below 
one of the two feeds. 

Suppose that XKP is the root which controls the mini- 
mum vapor and that the pinch point is located in section 
RP. The vapor rate at the pinch point is then defined by 

vo = BV'RP,KP (18) 
where % is the ratio of vapor to minimum vapor at the 
pinch point which is specined as an optimization variable. 

Consider the conventional countercurrent equilibrium- 
stage model. The steady state energy balances around a 
section of trays with no intermediate feeds or draws is 
given by 

HlVl + hj-iLj-1 = hoLo 4- HjVj (19) 
If a single overhead product P I  is produced, then the over- 
all material balances give 

vj - Lj-1 = P1 (20) 

v1- Lo = PI (21) 
Equations (19) through (21) can be combined to give 

Thus, the vapor at tray 1 in the equilibrium stage model 
can be expressed in terms of the overhead rate PI, the 
vapor rate at the it'' tray, and the vapor and overflow 
enthalpies at two sets of adjacent trays. 

Using the composition node design method, however, 
only two trays are defined for each section of trays, not 
four as in (22) .  In this case, the section would be defined 
in terms of trays 1 and i. So, the approximation is made 
that the enthalpies of the overflow liquids are nearly the 
same in adjacent trays. In this case 

hi N ho (23) 

hj-1 c=: hj (24) 
Further, defining the vector S as the union of the feed and 
product vectors tor a tower, we get 

S = F U P  (25) 
dim(S) = NF + N P =  R -  NF 

Then, if the location of V" is known, R - NF vapor rates 
V can be defined in terms of V", S, and the enthalpy array 
- E denned by Equation ( 8 ) .  Similarly, the overflow vector 
L can be defined from V and S with one overflow rate for 
each node: 

V = TRP(E, - S, V*) ( 26) 

= G R P ( V ,  s) (27) 
Here TRP and GRP are vector sets of equations similar in 
form to Equations (20) through ( 2 2 ) .  They are sub- 
scripted by RP, the section in which the pinch occurs, be- 
cause they are a function of that location. The algorithm 
shown in Figure 2 can now be used to find the overflow 
and vapor profiles for any arbitrary CNDM. 

Initially, V" is assumed equal to the largest value cal- 
culated from the Underwood equations using local roots 
where appropriate. If the solution to Equations (26) and 
(27) leads to a vapor rate for any section which is less 
than that amount by which the vapor rate must exceed 
the minimum rate at the pinch point, then that section is 
assumed to be the pinch section. Since thc same enthalpies 
are used to generate the new profiles, the values in the 
latter case will be greater than in the former. In this way, 
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v * =  ev"R, Kp I 

rl? k = k + l  

/ Y E S  

i--i? CONTl NU€ 

Fig. 2. Algorithm for identifying the pinch point in a tower and de- 
fining the vapor and liquid overflow profiles. 

the pinch point will always be correctly identified regard- 
less of how many sections are present or how many feeds 
enter the tower. 
Estimating the Minimum and Actual Number of Trays 

In order to estimate the minimum theoretical stages for 
any section, the Fenske equation is applied to all possible 
component pairs. This approach differs from the classical 
method where the light and heavy keys are always used 
to define the minimum theoretical trays. This method is 
used, however, because the compositions are torn vari- 
ables. The largest value calculated from examining all 
possible component pairs is used to design the section. 
Since this procedure is repeated for each section, different 
pairs can control the minimum theoretical tray require- 
ments for each section. The minimum theoretical trays for 
the tower are obtained by adding those trays obtained for 
the R - N F  - 1 section. 

MODEL EVALUATION 

The CNDM leads to system models with overspeci- 
fied material balances when more than two components 

are present in the feed. The equilibrium relationships are 
only approximately satisfied, but the assumptions implicit 
in the method are justified by the resulting computational 
savings and the enhanced ability to easily consider much 
larger classes of designs. 

The modeling bias may be divided into two categories. 
The first category is that bias attributable to the physical 
properties caiculations. This bias, however, is common to 
both the design and equilibrium stage models and is not 
examined here. 

The second category is that bias which is due to the 
design method. I t  is examined here by assuming a set of 
material balances and then designing a tower with the 
composition node method. The bias is then estimated by 
simulating the same tower as an equilibrium stage model. 

Comparison of the two models gives information regard- 
ing differences in state variables such a6 composition, over- 
flow, and temperature at various points in the tower as 
well as reboiler and condenser duties. The observed differ- 
ences will not necessarily be significant. For design pur- 
poses, it is only necessary that the assumed product purity 
specifications, for example, bound those which are actually 
achieved. In particular, the equilibrium-stage model should 
meet or exceed the assumed purities. 

The equilibrium-stage model used the Thiele-Geddes 
method. A description of the model is given by Newman 
(1967). In order to simulate a tower, the following infor- 
mation is specified from the design model: 

1. Number of theoretical trays. 
2. Location of feed and product trays. 
3. Total enthalpy and feed component rates. 
4. Product draw rates (except overhead product). 
5. Overflow rate onto the top stage L,. 

The theoretical stages used were the nearest integer to 
that real number obtained from the design model. The 
top stage overflow rate, item 5, was obtained directly from 
the design model print-out. I t  is optimized upon in the 
design model but remains fixed in the equilibrium-stage 
model. All of the other overflow rates in the tower are 
found by trial and error. 

Eight towers have been compared using the design and 
equilibrium-stage models. Table 7 presents some of the 
tower specifications such as feed composition, product 
rates, and design modeled. The feed numbered 1 consists 
of n-pentane, n-hexane, and n-heptane. Feed 4 is a mix- 
ture or i-pentane, n-pentane, and n-hexane. Examples D 
through F are for a six-component feed consisting of Z- 
butane, N-butane, I-pentane, N-pentane, N-hexane, and 
N-heptane. Examples G and H separate a feed consisting 
of propane, i-butane, and n-butane. 

The results obtained from the two models are compared 
in Table 8, 9, and 10. The j subscript refers to the theo- 
retical stage whose state is presented. The stages shown 
are either feed or product trays, since these are the ver- 
texes defined in the design model. Example B shows five 
nodes or trays which are, starting from the top, the over- 
head product, upper feed, middle product, lower feed, 
and bottom product trays. All other examples, except H, 
have only three nodes presented which correspond to the 
overhead, feed, and bottom trays, respectively. Example 
H has only two nodes corresponding to conditions at the 
top and bottom of the downstream tower, 

Examples A through C in Table 8 are for three-compo- 
nent systems. The agreement between the species alloca- 
tion and equilibrium-stage model is good. The purity 
specifications for these cases are based on SAM I, as can 
be seen by noting the contaminant concentrations in the 
product streams (that is, 0.01). The assumed purity speci- 
fications are met or exceeded for all products except the 
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TABLE 7. SOME OF THE TOWER SPECIFICATIONS FOR THE EIGHT EXAMPLES 

Product rates 

Tower Feed composition Example Overhead Middle Bottom Feed No. Design 

A 463.26 0.00 236.74 1 V 1 (0.1,0.8,0.1) 
B 64.95 570.10 64.95 1 V 2 (0.146, 0.844, 0.010) 

(0,010, 0.714, 0.276) 
(0.333, 0.334, 0.333) C 232.30 0.00 467.70 4 I 1 

D 349.32 0.00 350.68 7 - - ( 0.166, 0.167, 0.167, 0.167, 
0.167. 0.166) 

- - E 350.00 0.00 350.00 7 ( 0.166,0.167, 0.167, 0.167, 
0.167,0.166) 

F 350.00 0.00 350.00 7 - - (0.166, 0.167, 0.167, 0.167, 

,G 567.10 240.82 67.96 6 I11 1 (0.8, 0.1, 0.1) 
H 64.95 0.00 175.87 6 I11 2 (0.005, 0.484, 0.511) 

0.167, 0.166) 

overhead product in example B. I t  appears that a few more 
theoretical stages are needed in the uppermost section of 
this tower to complete the separation. The overdesign for 
these three cases appears small. In example C, the over- 
head product exceeds purity specifications by the widest 
margin, but only 0.8%. 

The overflow and temperature profiles also appear to 
agree surprisingly well. (The overflow rates are specified 
equal at the overhead stages.) Evcn for example B, where 
the changes in overflow rates are substantial, the greatest 
error at tray 32 is less than 7%.  

The largest errors occur at the feed trays. This inade- 
quacy exists partly because the feed line equation alone, 
as it is used in the PINCH algorithm, is not sufficient to 
give a good estimate of the feed trav cornnorition. Tn m r -  
ticular, this equation does not take the adjacent vapor and 
overflow streams into account. Consequellily, the wrnposi- 
tion on the feed tray approximates the feed composition too 

closely. This error leads to differences in the enthalpy esti- 
mates at that location and therefore the overflow rates at 
the product trays. The vapor rate at the feed tray is not 
affected by this shortcoming when it is calculated from 
the Underwood equations and the vapor to minimum 
vapor ratio. But it does affect the vapor calculations for the 
tower overhead and bottoms. Since the overflow rates at 
the feed trays are low, the design model appears to over- 
estimate the required overflows at product trays. 

The tower diameter is normally based on the volumetric 
flow rate at the overhead tray where the total pressure is 
the least and the molar vapor rate normally appears the 
greatest. Consequently, the overflow bias due to the com- 
position errors at the feed tray may tend to overestimate 
the required tower diameter. 

The agreement in condenser and reboiler duties is sur- 
prisingly good. In example C, the bottoms overflow rate is 
roughly triple that in example A. Yet the duty error is 

TABLE 8. COMPARISON OF SPECIES ALLOCATION AND EQUILIBRIUM-STAGE MODELS FOR EXAMPLES A, B, AND C 

SAM and CNDM Equilibrium stages 

J 

1 
8 

15 

1 
15 
22 
32 
46 

1 
45 
88 

TJ X1.J x 2 . J  x 3 . J  TJ x1,J  

Example A 

360 361 0.146 0.844 0.010 360 361 0.151 0.841 
367 32 1 0.100 0.800 0.100 370 345 0.049 0.859 
378 1031 0.010 0.714 0.276 380 1032 0.3-03 0.694 

Condenser duty 
Reboiler duty 

2.2534 + 10 2.2786 + 10 -1.11% error 
2.3988 + 10 2.3869 + 10 +0.50% error 

Example B 

328 411 0.990 0,010 0.2-05 328 411 0.978 0.022 
358 343 0.143 0.847 0.010 360 356 0.117 0.877 
367 830 0.010 0.980 0.010 367 822 0.011 0.980 
377 22 1 0.007 0.690 0.303 377 236 0.9-04 0.698 
404 436 0.1-05 0.010 0.990 404 420 0.7-11 0.004 

Condenser duty 
Reboiler duty 

1.1751 + 10 1.1814 + 10 -0.53% error 
1.0497 + 10 1.0440 + 10 +0.54% error 

Example C 

327 2 286 0.990 0.010 0.6-10 327 2 286 0.998 0.002 
341 1982 0.365 0.342 0.293 335 2 179 0.464 0.426 
353 2 820 0.007 0.495 0.498 353 2 802 0.003 0.498 

Condenser duty 
Reboiler duty 

Units 

ALJ overflow onto Jth tray kg-mole/hr 
TJ temperature on Jth tray " K  

All duties J/hr 

x3.J  

0.008 
0.097 
0.306 

0.4-09 
0.006 
0.009 
0.301 
0.996 

0.2-22 
0.110 
0.499 

5.8231 + 10 5.8222 + 10 +0.02% error 
6.2760 + 10 6.2186 + 10 +0.92% error 
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I TJ 

1 312 
40 327 
84 380 

1 313 
7 335 

15 376 

1 314 
4 333 

19 365 

TABLE 9. COMPARISON OF SPECIES ALLOCATION AND EQUILIBRIUM-STAGE MODELS FOR EXAMPLES D, E, AND F 

SAM and CNDM Equilibrium stages 

ALJ X1.J X2.J X3.J x 4 , J  x 5 , J  X6.J TJ  A L J  x1,J  X2.J x 3 J  x 4 . J  x 5 . J  

Example D 

903 0.235 0.194 0.153 0.148 0.138 0.134 345 1213 0.031 0.049 0.479 0.299 0.079 
1372 0.332 0.334 0.329 0.005 0.2-04 0.8-05 312 1372 0.333 0.335 0.332 0.9-03 0.3-20 

1912 0.5-03 0.9-03 0.005 0.329 0.333 0.332 381 1901 0.6-24 0.4-18 0.003 0.332 0.333 

Condenser duty 3.7539 + 10 3.7507 + 10 +0.09% error 
Reboiler duty 4.5404 + 10 4.439 + 10 +2.27% error 

Example E 

339 0.327 0.324 0.195 0.140 0.010 0.004 313 339 0.332 0.334 0.215 0.118 0.9-03 
129 0.160 0.164 0.168 0.169 0.170 0.170 345 255 0.072 0.105 0.252 0.246 0.175 
930 0.005 0.010 0.139 0.194 0.324 0.328 379 893 0.3-04 0.3-03 0.119 0.216 0.333 

Condenser duty 1.5666 + 10 1.5284 + 10 +2.50% error 
Reboiler duty 1.7202 + 10 1.5934 + 10 +7.95% error 

Example F 

228 0.322 0.256 0.199 0.169 0.043 0.010 312 228 0.332 0.334 0.200 0.122 0,011 
76 0.166 0.167 0.167 0.167 0.167 0.166 340 168 0.084 0.123 0.237 0.214 0.180 

842 0.010 0.077 0.135 0.165 0.291 0.322 377 832 0.7-07 0.6-05 0.134 0.212 0.323 

Condenser duty 1.3909 f 10 
Reboiler duty 1.5247 + 10 

essentially zero in both cases. The duty errors, therefore, 
are not a strong function of the vapor rate in the tower. 

Examples D through F in Table 9 are for a six-compo- 
nent feed whose species are fed to the towers in nearly 
equimolar amounts. Example D is for a sharp split, namely 
ABWDEF. SAM 1 was used to estimate the material bal- 
ances, and agreement with the equilibrium-stage model 
appears adequate. Again, the largest discrepancies appear 
to revolve around the feed tray composition. Although a 
2S% error in overflow rate occurs at the feed tray, the 
discrepancy is less than -1% at the overflow onto the 
bottom tray. This overflow error at the bottoms in exam- 
ple D, combined with a small temperature difference at 
that point, leads to a +2.27% error in reboiler duty for 
the tower. The error is slightly larger than for examples 
A through C, but still acceptable as overdesign. The puri- 
ties achieved by the equilibrium-stage model suggest, 
again, that overdesign has been committed, but the dif- 
ferences are acceptably small for the light and heavy keys, 
namely, components 4 and 3 in this case. 

1.3053 + 10 +6.56% error 
1.4111 + 10 +8.05% error 

X6.J 

0.1-36 
0.063 
0.331 

0.3-05 
0.150 
0.332 

0.7-03 
0.162 
0.331 

Examples E and F also utilize SAM 1 and the nonnali- 
zation procedure described in DISTRIB for the design 
models, Example E is for the ABCD/CDEF split so that 
components C and D are distributed. Example F shows 
the ABCDE/BCDEF split where components B through 
E are distributed. The overdesign for these cases still ap- 
pears reasonable from the purity standpoint. 

The duty errors increase to a maximum of 8% over- 
design for the reboiler in example F. They are seen to in- 
crease going from example D to F although the overflow 
rates for example F are substantially less than for D. This 
comparison shows clearly that the duty error magnitudes 
depend not on the tower size or vapor rates, but rather on 
the nature of the split. Thus, the errors associated with a 
tower performing a sharp split will generally be less than 
those for one performing a split with distributed compo- 
nents. Consequently, the duty errors in example F should 
represent an upper bound on those which would be ex- 
pected for the simple towers designed to separate feed 7, 
since all the remaining towers generate fewer distributed 
components. 

TABLE 10. COMPARISON OF SPECIES ALLOCATION AND EQUILIBRIUM-STAGE MODELS FOR EXAMPLES G AND H 

SAM and CNDM Equilibrium stages 

I TJ  ALJ x 1 , J  x2, J x 3 , J  TJ  ALJ x 1 , J  x 2 . J  X 3 J  

1 315 415 0.986 0.010 0.004 315 415 0.987 0.011 0.001 
9 319 335 0.861 0.074 O.Wd 319 378 0.846 0.101 0.053 

32 363 1695 0.005 0.484 0.511 358 1 727 0.2-06 0.813 0.187 
78 37 1 1684 0.7-06 0.010 0.990 371 1682 0.2-24 0.5-3 0.999 

Example G 

Condenser duty = 1.3113 + 10 
Reboiler duty = 2.4372 + 10 

Condenser duty = 1.3097 + 10 +0.12% error 
Reboiler duty = 2.4352 + 10 +0.08% error 

Example H 

1 355 189 0.010 0.980 0.010 356 189 0.1-05 0.968 0.032 
45 362 176 0.005 0.484 0.511 358 187 0.2-06 0.810 0.190 

Condenser duty = 3.6916 + 09 
Reboiler duty = 0.0 

Condenser duty = 3.6901 + 09 
Reboiler duty = 9.2995 + 06 +0.04% errorQ 

+0.04% error 

Percentage of total reboiIer duty. 
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In example F, SAM 1 and SAM 2 give the same material 
balances since there are no contaminants and the key con- 
centrations are specified in either case. In example E, 
however, SAM 2 gives slightly different compositions for 
component 6 in the overhead and 1 in the bottoms. From 
the material balance standpoint, these differences are 
negligible, and the overflow and temperature profiles for 
SAM 1 and SAh4 2 are nearly the same at the optimal 
states. In both cases, a 1.68 in diameter tower is required 
(+_ 0.03 m )  . Thus, changing the species allocatioii model 
does not have a significant effect on this important tower 
parameter, since the miiiimuin vapor rates depend pri- 
marily on the principal components in a product stream 
and not on the contaminants. 

SAM 2, however, leads to gross overestimation of the 
minimum theoretical trays for example E. This unaccept- 
able overdesign occurs as f o l l o ~ .  For SAM 1, the mini- 
mum theoretical trays are determined by the component 
pair (4,  5 )  for the upper section and by the pair ( 2 ,  3)  
for the lower. This control is normal for a tower performing 
the ABCD/CDEF split. When SAM 2 is used, the height 
of the upper section is controlled by the component pair 
( 5 , 6 )  and by pair (1, 2) for the lower. This control is 
abnormal and leads to gross overdesign. Instead of re- 
quiring 5.84 minimum theoretical traps, the latter model 
estimates that 20.14 trays arc required. Thus, instead of 
building a tower 19 ni high, SAM 2 estimates that a tower 
height of 45 m is needed. Clearly, this difference is un- 
acceptable and shows a significant weakness in the latter 
species allocation method, namely, that use of SAM 2 
can lead to significant overestimation of the towcr height. 

But SAM 2 is still useful so long as the coniponent pairs 
defining the minimum theoretical trays in the towcr sec- 
tions are normal for the stated tower objectives. If control 
is abnormal, then the assumed contaminant coiicentr. rl t '  10ns 
can be adjusted upward so as to yield uormal control. 
SAM 1 is less likely to result in this type of error since the 
minimum theoretical trays for all adjacent pairs tend to be 
numericaliy close to each other. Consequently, evcn when 
abnormal control is observed with SAM 1, the discrepan- 
cies in tower heights appear insignificant. 

Examples G and H in Table 10 compare the CNDM 
with an equivalent, equilibrium-stage model of design 111, 
consisting of two thermally coupled towers (see Part I ) .  
This design is particularly important because it was found 
substantially less expensive to separate a feed consisting 

rom equal amounts of' is0 and normal 
design 111, rather tha:i the expected 

optimal design I. So this example represents a case where 
thermal coupling sig~~ificantly reduces tlie downstream 
tower size and vapor requirements, and the total design 
costs. 

If we examine Table 10, the stages ideiiti5ed with the 
J subscript have the fol!oning significance. Example G 
describes the upstream tower n liich takes the propane 
product from stage 1, receives the external feed (80','6 
propane) at stage 9, is thermally coupled at stage 32, and 
produces a bottom product at staBe ' i8 .  In example H, the 
downstream tower produces a middle product at stage 1 
and is thermally coupled with the upstream tower at stage 
45. 

Using the SAM and CNDLI, the composition of the over- 
How liquids are defined as beilig equal at the point of ther- 
mal coupling between tlie towers, consistent with the no 
enrichment assumption (also see Figure 1). Consequently, 
the compositions at  stage 32 in example G and at 
stage 45 in example H are exactly equal in the de- 
sign model. However, the compositions at  these two 
points are different using the equilibrium-stage model, 
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since enrichment does occur. When we compare the com- 
positions at stage 32 in example G for the CNDM and 
equilibrium-stage models, the important point is that the 
CNDhl underestimates the concentration of middle prod- 
uct at  that point and overestimates the concentrations of 
overheads and bottom products. Similarly, at stage 45 in 
example H, the bias in the design model is similar, and 
causes some overdesign. 

Estimation of the material and energy balances for this 
design configuration is relatively simple using the CNDM 
and SAM 1. Seventy cost evaluations were completed on a 
UNIVAC 1110 in about 7 s of CPU time. Each evaluation 
required complete restimation of all material overflow 
profiles and energy duties for both towers. 

However, the equivalent, equilibrium-stage model is 
more complicated, since iterative calculations are required 
to estimate enthalpy and molar feed rates for the two 
towers at the point of thermal coupling, as well as converg- 
ing on the energy and material balances for each tower 
sequentially. Using the Thiele-Geddes method, all feed 
compositions, rates, and enthalpies must be specified for 
each tower. So, in performing the calculations, each tower 
was initially assumed to receive the feed composition and 
enthalpy as estimated from the design model at the point 
of thermal coupling. After each tower was converged for 
the assumed feeds, the thermally coupled feed composi- 
tions and enthalpies were updated, and the calculations 
were repeated by successively substituting the new feed 
estimates. 

Using the Thiele-Geddes method, the condenser and 
reboiler duties are obtained for both towers as dependent 
variables. Whenever the towers are not exactly thermally 
coupled, a nonzero reboiler duty is calculated for the down- 
stream tower. In  the CNDM, the downstream tower re- 
boiler duty is zero by definition. On the first iteration with 
the equilibrium-stage model, the calculated reboiler duty 
for the downstream tower was about 0.69% of the esti- 
mated duty for the upstream reboiler, using the feed esti- 
mates for both towers at the point of thermal coupling 
obtained from the design model print-out. This error de- 
creased monotonically, however, as the feed estimates 
were improved at  the point of thermal coupling. After 
twenty iterations between the towers (and 2.18 min of 
CPU time on an 1BM 360/91), the calculated reboiler 
duty for the downstream tower was 0.04% of the estimated 
duty for the upstream reboiler, as shown in Table 10, 
example H. So, convergence between the two thermally 
coupled towers had not yet been achieved in the equilib- 
rium-s tage model. 

If we examine the product trays in examples G and H, 
it appears that the two models are essentially equivalent. 
In  example G, the equilibrium-stage model predicts that 
the assumed product specifications are exceeded for the 
overhead product at stage 1 and the bottoms product at 
stage 78. In example H, the equiiibrium-stage model pre- 
dicts that the assumed product specilkations tor the middle 
product are exceeded with respect to propaae contamina- 
tion but are deficient with respect to the n-butane con- 
tamination. However, this apparent deficiency was decreas- 
ing with each successive substitution of the thermally 
coupled feeds between the towers. As the reboiler duty 
on the downstream tower was reduced during each calcu- 
lation, the overflow from stage 45 in example H and stage 
32 in example G was increased. Consequently, we believe 
that this apparent deScieiicy is an artifact of incomplete 
convergence between the thermally coupled towers mod- 
eled as the equilibrium stages, rather than inadequacy in 
the design model. After the first convergence of the down- 
stream tower, the equilibrium-stage model predicted that 
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:he middle product would contain 22.4 mole % normal 
mtane, so the calculations are relatively sensitive to the 
itripping rate in the bottom section of the upstream tower. 
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APPENDIX A: The PINCH Algorithm 

This algorithm estimates the composition on the feed tray 
by finding a set of compositions similar to the feed composition 
which satisfy the feed line equation: 

(A11 

Yip = (YiXiP//3 (A21 

B =  2 a f w  (A31 

Yip = I ( f  - 1 )/flXiP + ziF/f 

Also, the vapor concentrations must satisfy 

N 

1 

where N components are in the mixture. The relationship 

N c xp - 1.0 = 0 (A41 
1 

must also be satisfied. 
Initially, PINCH assumes that XQ z ZiF for i = 1, 2, . . N .  

The routine then converges by successive substitution. During 
the process the relative volatilities q are updated using a 
bubble-point subroutine 

Tp = BUBT( XP) (A51 

where the bubble point is a function of the liquid concentration 
vector Xp. The total pressure at the feed trays is assumed equal 
to a specified constant throughout the calculations. 

With these conventions, the PINCH algorithm is as shown in 
Figure 3. 

APPENDIX B: The DlSTRlB Algorithm 

This algorithm is used to calculate compositions for internal 
vertexes labeled ID in Figure 1. It is only used for the up- 
stream towers of designs V and VIII. The procedure will be 
described first for three-component systems. 

Consider a tower producing overhead and bottom streams 
Pi and P3. The feed composition is given by XF. The overhead 
composition is X ~ J ,  i = 1, 2, 3. The bottoms composition is 
Xi,3, i = 1, 2, 3. The tower is producing the AB/BC split, so 
that the middle component is distributed. This means that the 
C concentration in the overhead product is specified as well as 
the A concentration in the bottoms. 

Let the variable g represent the ratio of overhead to feed, 
that is, P1/F. If there are purity specifications on both product 
streams, then the range over which g can be optimized will be 
a function of those purity specifications as well as the feed 
Composition. In particular, a minimum value can be specified 
for g by the recovery requirements which are placed on the 
light component A. If g is less than the minimum then 
X1,3 will have to increase above its specified value. 

Similarly, the purity requirements placed on the heavy coni- 
ponent will determine a maximum value for g. If g exceeds 
gmaX, then more of the bottom component C will be recovered 
in the overhead product than is desired. 

r 

i = I, 2 , ,  , , N  
I I 

I No I x? = x p /  2 x 7  
I I 

t 
1 I EXIT I u 

Fig. 3. The PINCH algorithm for estimating feed tray compositions. 

The component material balances can be used to establish 
values for gmin and gmU. In particular, a balance for the light 
component gives 

gmin = (XIF - x l ,3 ) / (x l , l  - Xl.3) (B1) 

If x1.3 and are both set at 0.01, then an approximate up- 
per bound for X1,1 is 0.99. Then, gmh remains a function of 
the feed composition. 

Similarly, an upper bound on g can be established by a 
component balance around component C: 

gmax = (x3,3 - X3F)/(X3,3 - x3.1) (B21 

If the same purity requirements are placed on X1,3 and X ~ J ,  
then an upper bound for X3,3 is given by 0.99, and with Equa- 
tion ( B 2 )  gmax remains a function of the feed composition. 

For a given value of g, the overhead rate of the bottom 
product 23.1 (PlX3,l) and the bottom rate of the overhead 
product Z1, can be calculated from the purity specification. 
The component balances can then be used to calculate X1,1 
and X3.3. The concentrations of the middle product X Z , ~  and 
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X z j  are simply obtained by difference. Surprisingly, this sim- 
ple procedure appears to give consistently good results when 
compared to an equilibrium stage model. Notice, however, 
that the equilibrium properties do not enter into the calculations 
of the overhead and bottom products. They are determined 
by feed compositions and draw rates. 

When more than three components are present in the feed, 
the DISTRIB algorithm becomes slightly more complicated. 
Equations like ( B l )  and ( B 2 )  can stilI be used to calculate 
the feasible range for g. But now gmin is determined not just 
by the lightest component, but by that light nondistributed 
component which gives the largest value for gmin calculated 
for its component balance. Similarly, gm,, is determined by 
that heavy nondictributed component which gives the smallest 
value for gmax calculated from its component balance. 

The concentrations for the heavy nondistributed components 
and the light nondistributed components can be taken directly 
from the SAC array. When there is more than a single distrib- 
uted component, however, a normalization procedure must be 
used to estimate their relative concentrations in the overhead 
and bottom products. An alternative to this normalization pro- 
cedure is to use the no enrichment assumption for the distrib- 
uted components. 

The normalization procedure works as follows. The relative 
volatilities ai,j are subscripted so that they refer to the volatility 
of i divided by that of component j .  

The first step is to use the Fenske equation to calculate the 
theoretical trays separating the light and heavy keys KL and 
K H .  Their compositions in the overhead and bottom products 
are known from the purity specifications they must meet and 
their overall component balances: 

c = LN [ ( ~ K H , I X K L , S  )/ ( X Z ~ H , S X K L , ~  ) I/LN ( QKH,KL ) 
( B 3 j  

Here the concentration of the heavy key is specified in the 
bottoms and that of the light key in the overheads. 

If we use the molar rates of the keys as pivot values, molar 
rates for the distributed components are calculated by the fol- 
lowing equations: 

( B 4 )  

(B5) 

--e 
PKH.1 = (ZKH,l/ZKH,B )aKH,t 

Zi.1 = [@KH,i/ ( 1 f PKH, i )  1 F X t F  

N 

K3 

NORM = 2 Zi,l 
K 2  

NOTATION 

f = feed fractional vaporization vector 
F = tower feed rate vector (internal) 
FX = original component feed rate vector 
g = ratio of overheads product rate to  feed rate 
GKp = vector set of equations defining a tower overflow 

profile, assuming the  pinch is at node RP 
hL = tower liquid enthalpy vector 
H ,  = tower vapor enthalpy vector 
I P  = label defining an internal node where stream corn- 

positions are specified by the PINCH algorithm 
ID = label defining an internal node where stream com- 

positions are specified by the DISTRIB algorithm 
KL = reference light key in DISTRIB algorithm 
K H  = reference heavy key in DISTRIB algorithm 
K P  = controlling Underwood root at the pinch point 
K S  = reference key component in species allocation 

L = tower overflow rate vector 
M j  
N 
N F  = number of feeds to a tower 
P 
R 
Tb = bubble-point temperature vector 
T d  = dew-point temperature vector 
T ,  
Trip = vector set of equations defining a tower vapor pro- 

V” 
Vu 
Xp 
- XR 
XF = feed composition array 

- XP 
XS = purity specification vector 
cc = relative volatility vector 
h 
8 

model 

= incidence matrix for tL1l structural tower type 
= number of components separated 

= final product molar rate vector 
= number of composition nodes in a design 

= temperature at the pinch point 

file, assuming the pinch is at node RP 
= vapor rate a t  the pinch point 
= Underwood minimum vapor rate 
= mole fraction vector a t  pinch point 
= composition array for the primitive system 

= final product composition array 
- 

= root vector satisfying the Underwood equation 
= ratio of vapor rate to minimum vapor rate a t  the 

pinch point (optimization variable) 
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